We obtain the limits (i.e., bounded values) of the dimensionless chemical potential µ, the Sunyaev-Zeldovich (SZ) effect y, and distortion of the space-dimension ε by the Monte Carlo (MC) analysis of the parameter set (T , d = 3 + ε, µ, and y) in cosmic microwave data, assuming positive SZ effect y (> 0). In this analysis, the magnitude of the space-dimension d including distortion of the space-dimension ε is defined by d = 3 + ε. The limits of µ and y were determined as |µ| < 9 × 10 −5 (2σ) (µ = (−3.9 ± 2.6) × 10 −5 (σ)), |y| < 5 × 10 −6 (2σ) (y = (2.0 ± 1.4) × 10 −6 (σ)), while the distortion of the space-dimension was |ε| < 6 × 10 −5 (2σ) (ε = (−0.78 ± 2.50) × 10 −5 (σ)). Among those three estimated limits we observe the following order: |µ| > ∼ |ε| > |y|. The estimated limit of |y| < 5 × 10 −6 appears to be related to re-ionization processes occurring at redshift z ri ∼ 10.
Introduction
From the NASA COBE monopole data (Fixsen & Mather 2002; COBE/FIRAS 2005) , Caruso & Oguri (2009) investigated the distortion of the space-dimension in terms of the Planck distribution, imposing the power index including the distortion of space-dimension d = 3 + ε; U (T, ν, ε) = N c 4π c
where x = hν/k B T and N c is assumed constant (Caruso & Oguri 2009 ) and h, ν, k B , c, and T are the Planck's constant, the light frequency, the Boltzmann's constant, the speed of light, and the temperature, respectively. The result of this analysis is given in Table 1. -2 -where N c (d) = 2hc π d/2 (d − 1)/[cΓ(d/2)] and Γ is the gamma function. Our result is also included in Table 1 . The difference between the two sets of results is attributed to difference in the numerical estimates of hc/k B (Mohr et al. 2012; Biyajima & Mizoguchi 2012 ).
We are interested in elucidating this problem on the distortion of the space-dimension in the COBE monopole data. As is well-known, the COBE monopole data contain the following residual spectrum, given by
The monopole spectrum is analyzed by means of the Bose-Einstein distribution, which involves the dimensionless chemical potential µ (Fixsen & Mather 2002 )
where C B = 8πh. Moreover, it is necessary to account for the effect of inverse Compton scattering e − + γ → e − + γ, described by
Here, the Sunyaev-Zeldovich (SZ) effect y (Zeldovich & Sunyaev 1969; Sunyaev & Zeldovich 1970) is the parameter for the inverse Compton scattering, defined by
where l, n e , σ T , and T e are the size of the high-temperature region in the Universe, the number density of electrons, the cross section of Thomson scattering, and the temperature of electrons, respectively. In this paper, we focus on the positivity of the SZ effect y.
Therefore, to account for the distortion of the space-dimension in the COBE monopole data, we adopt the following formula, in which C B (ν/c) 3 in the above equation is replaced by
Equation (7) is the basis of our investigation into the distortion of the space-time in the COBE monopole data.
This paper is divided into several sections. In Section 2, we apply Eq. (7), including and excluding ε, to the COBE monopole data, and estimate the physical quantities (T , ε, µ, and y) and χ 2 . The COBE data are analyzed for these estimates at fixed temperatures by the Monte Carlo (MC) method. Average parameter values are estimated for allowed combinations of parameter ensembles. In the Section 3, we analyze the COBE residual spectrum for the allowed combinations of parameter ensembles. Concluding remarks and discussion, including our analysis of the dipole spectrum derived from Eq. (2), are presented in Section 4. Note. -The difference between the results from Eqs. (1) and (2) is attributed to different numerical values of hc/kB . The third case in Eq. (1) 
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Analysis of Monopole Data by Equation (7)
Applying Eq. (7) to the COBE monopole data (Fixsen & Mather 2002; COBE/FIRAS 2005) , we obtain the results listed in the upper columns of Table 2 . From these results, we calculate two parameter sets (ε = 0, µ, y) and (ε = 0, µ, y) at fixed temperatures. The χ 2 widths (∆χ 2 ) of the allowed parameter sets are then estimated from the center-column parameters (listed in the columns in the center of table 2) and Fig. 1 . Given the widths ∆χ 2 and the standard deviations in the parameters (δε, δµ, δy), we can estimate the distributions of parameters (ε, µ, y) at fixed temperatures using the MC method. More details are provided in the following sub-section.
Application of MC Method to the Parameter
The random variables are introduced as follows:
depending on the temperature interval T ± δT.
where U (−1, 1) are uniform random numbers in (−1, 1) (c.f. Mizoguchi & Biyajima (2001) ). The resulting χ 2 values are presented in Fig. 1 . The parameter distributions obtained from our analysis Table 2 : Analyses of COBE monopole data by means of Equation (7).
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are shown in Fig. 2 . Assuming that the SZ effect y is positive (as defined in the caption of Fig. 2) , we can determine the intervals of the temperature T and the chemical potential µ. The results are presented in Table 3 .
2.3. Application of MC to the Parameter Set (T , ε, µ, and y) (Case ε = 0)
Inserting the space distortion d = 3 + ε into the above calculations yields the distributions shown in Fig. 3 . Numbers of events satisfying y > 0 for the two calculations (assuming isotropic and distorted space) are listed in Table 3 .
Analyses of Residual Spectrum in terms of Allowed Parameter Combination Ensembles
If |µ| ≪ 1, Eq. (7) is simplified, and the residual spectrum becomes Computing the residual spectrum by means of Eq. (9) yields Fig. 4 , in which the allowed combinations of parameters ensembles are evaluated for ε = 0 and ε = 0. This figure reveals slight difference between the residual spectra for ε = 0 and ε = −0.755 × 10 −5 .
Concluding Remarks and Discussions (C1)
We have computed the distortion of the space-dimension ε in the NASA COBE monopole data (Fixsen & Mather 2002 ; COBE/FIRAS 2005) using Eqs. (1) and (2). Difference between the two results is attributed to numerical difference in the hc/k B values. The magnitude of our estimation of ε is (3 ± 25) × 10 −6 , comparable with that of Caruso & Oguri (2009) (namely, −(9.6 ± 0.1) × 10 −6 ≈ −1 × 10 −5 ). Interestingly, negative ε (i.e., the reduction of spatial distortion), corresponds to increasing temperature of the cosmic microwave background (CMB).
(C2) To extend our investigation of the distortion of the space-dimension in the COBE data, we propose that chemical potential µ and the SZ effect y, in addition to ε, be included in Eq. (7). Applying Eq. (7) to the COBE monopole data and the MC method to parameters sets (T , ε, µ, and y) and (T , ε = 0, µ, and y), we have obtained the allowed parameter ensembles, assuming the positivity of the SZ effect y. The following limits of the parameters have been obtained at T = 2.72500 ± 0.00004 K;
|ε| < 6 × 10 −5 (2σ) (ε = (−0.78 ± 2.50) × 10 −5 (σ)),
and |y| < 5 × 10 −6 (2σ) (y = (2.0 ± 1.4) × 10 −6 (σ)).
Assuming no distortion of the space-dimension, i.e., ε = 0, the following limits are obtained at T = 2.72499 ± 0.00002 K;
|µ| < 8 × 10 −5 (2σ), and |y| < 6 × 10 −6 (2σ).
The above limit of |µ| is almost identical to that reported by Fixsen & Mather (2002) (|µ| < 9×10 −5 ). However, our estimated limit of |y| is smaller than that of these authors (|y| < 1.2×10 −5 ), probably because SZ effect |y| was assumed as positive in our study. Moreover, it is interesting that limits |µ| and |y| slightly depend on the magnitude of distortion |ε|. Allowing for the distortion of the space-dimension, among three limits we observe the following order:
(C3) According to Durrer (2008) , as the Universe is re-ionized at some redshift z ri , during the ionization process, the electrons gain kinetic energy (estimated at around 10 eV). Denoting the electron temperature at the re-ionization by T ri , we obtain the following expression for the SZ effect:
where Ω m , Ω b , and h are the matter density, the baryon density, and the scale parameter, respectively. Given Ω m h 2 ∼ = 0.13, Ω b h 2 ∼ = 0.022, the re-ionization redshift for the limit y < 10 −5 is z ri < 50(T ri /10 eV) −2/3 . The limit y < 10 −6 implies that
This set of parameters (T ri ∼ = 10 eV, and z ri ∼ 10) yields y ∼ 10 −6 , which is consistent with the limits in Eqs. (10) and (11).
(D1) The dipole spectrum can be analyzed by the derivative of the Planck distribution (Fixsen et al. 1996; Henry et al. 1968; Sugiyama 2001) , given as:
The results of this analysis are provided in Table 4 and Fig. 5 . As seen in Table 4 , the χ 2 is improved by imposing a finite ε = d − 3 on the system. From the dipole amplitude T amp = 3.597 ± 0.044 mK, the velocity of our solar system (with the Universe fixed) is estimated as v = 396 km s −1 , about 6.6 % higher than the estimate of Fixsen et al. (1996) . The anomalously large value of ε obtained in this analysis requires further investigation. Table 3 ), and χ 2 = 50.2. (b) T = 2.72500 K, ε = −0.775 × 10 −5 , µ = −3.885 × 10 −5 and y = 2.001 × 10 −6 (see Table 3 ), and χ 2 = 47.8. 
